We show that the quantum critical point (QCP) between a diffusive metal and ferromagnetic (or antiferromagnetic) phases in the SYK chain has a gravitational description corresponding to the double-trace deformation in an AdS2 chain. Specifically, by studying a double-trace deformation of a Z2 scalar in an AdS2 chain where the Z2 scalar is dual to the order parameter in the SYK chain, we find that the susceptibility and renormalization group equation describing the QCP in the SYK chain can be exactly reproduced in the holographic model. Our results suggest that the infrared geometry in the gravity theory dual to the diffusive metal of the SYK chain is also an AdS2 chain. We further show that the transition in SYK model captures universal information about double-trace deformation in generic black holes with near horizon AdS2 spacetime.
I. INTRODUCTION
The Sachdev-Ye-Kitaev (SYK) model exhibits many structures and properties similar to a black hole [1] [2] [3] . For example, the low-energy symmetry structure in the SYK model leads to a nonconformal contribution to four-point functions captured by a Schwarzian derivative. This is general in any holographic system with a near-extremal black hole with nearly AdS 2 4-6 . It is worth emphasizing that the nonconformal contribution gives rise to an enhancement of out-of-time order correlators 7-9 with a saturated Lyapunov exponent 1, 10 . Other propagating modes in four-point functions leave traces of the matter sector 3, [11] [12] [13] , which contains an infinite tower of particles. Recently, a three-dimensional bulk interpretation 14 explains these propagating modes in terms of bilocal scalars. However, the dual theories of SYK models generalized to higher dimensions 15 remain much less understood.
In this paper, we show that the quantum critical point (QCP) in the SYK chain induced by certain type of interactions is dual to the holographic QCP in an AdS 2 chain induced by double-trace deformation. A schematic plot of an AdS 2 chain is shown in Fig. 1(a) . While the diffusive metal in the SYK chain is time-reversal (TR) invariant, the ferromagnetic (FM)/antiferromagnetic (AFM) phase in the SYK chain breaks TR symmetry 16, 17 . We further show that the transition in the SYK model captures universal information about double-trace deformation in generic black holes with near horizon AdS 2 spacetime.
Double-trace deformation in AdS/CFT correspondence is a well known scenario to induce a nontrivial renormalization group flow from a CFT to either another CFT or to a symmetry breaking phase [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . These holographic QCPs rendered by double-trace deformation, sometimes called hybridized QCPs 28 , are argued to be dual to the spin-density wave (SDW) or nematic QCPs of metals associated with large Fermi surfaces and strong interactions [29] [30] [31] [32] [33] [34] . However, since there is no controllable calculation in the field theory side, the duality remains unclear.
Unlike the hybridized QCPs dual to SDW or nematic QCPs in metals, the calculations presented in this paper are under controlled on both sides of the duality, owing to the solvability of the SYK model. On the SYK side, we calculate the susceptibility near the QCP, which resembles the two-point function induced by double-trace deformation in gravity side. We also find that the nontrivial RG flow in the SYK chain triggered by the four-fermion interaction matches the double-trace flow in AdS/CFT correspondence. On the gravity side, we explicitly construct a holographic model, namely, a Z 2 scalar in the AdS 2 chain 35, 36 with double-trace deformation at the AdS 2 boundary, to reproduce the same features of QCP in SYK chain, including the susceptibility and the RG equation. Our results strongly support that the lowenergy geometry of the dual gravity theory of SYK chain should be taken as an AdS 2 chain.
II. GENERALIZED SYK CHAIN AND EFFECTIVE ACTION
The generalized unperturbed SYK chain is given by the following Hamiltonian, ...ψ
where s is the site index. There are N Majorana fermions in each site, denoted by ψ qN q−1 , respectively. The summation over N fermion indices are implicit here and in the following. We assume q = 4m where m ≥ 1 is an integer. It describes a diffusive metal with saturated Lyapunov exponent λ = 2π β
37
. The scaling dimension of Majorana fermion ψ is given by ∆ f ≡ 1 q in the IR. We will mainly focus on q > 4, while the marginal case q = 4 is given in the Appendix F. We consider four-fermion interactions ("double-trace" perturbations),
where C ij,s is a zero-mean Gaussian random variable with variance C Note that under TR transformation, O s field changes sign and serves as order parameter. We use replica trick to integrate out the random variables (see Appendix A). After introducing two bilocal bosonic fields G s and Σ s , which are the propagator and self-energy of the Majorana fermions, and integrating out fermions, the replica averaged action is given by
where ≡ dτ 1 dτ 2 , and S 0 [G, Σ] is the effective action of the unperturbed SYK chain. Note that the replica index is omitted in large-N limit 37 . In the disordered phase, the equations of motion (EOM) is
This recovers the EOM in the diffusive metal. In the conformal limit, the uniform saddle point solution is
, and
III. SUSCEPTIBILITY AND RG EQUATION
The quadratic fluctuation of B and O fields around the saddle point solution will give rise to dynamic susceptibility
. In frequency domain, it is given by
where
and p is the momentum. From the susceptibility (6), one can deduce that for u < −|v|, the diffusive metal is stable, while for u > −|v|, TR symmetry is spontaneously broken. (Saddle point equation analysis produces the results, see Appendix C.) For v > 0, the susceptibility is
, and the ordered phase is FM; while for v < 0, the susceptibility is G R (0, p)
, and the ordered phase is AFM. The phase diagram is illustrated in Fig. 1(b) . Note that at the phase boundary between FM and AFM phases, i.e., v = 0 in Fig. 1(b) , the averaged action (3) has local
degeneracies, where M is the number of site.
Despite the difference in the ordering momentum, the FM and AFM are two similar phases since the disordered SYK chain explicitly breaks translation symmetry. Thus the transitions share the same universality class and the critical exponents are given by [ 
. Dictated by conformal symmetry at criticality, the finite temperature susceptibility is given by
, where f is a universal scaling function given in Appendix E and δp is understood as small momentum fluctuations near the ordering momentum. One can see the critical temperature T c ∼ |u + |v||−4 . The critical exponents of the Z 2 transition in the SYK chain are summarized in Appendix C.
The stability of the system against "double-trace" perturbations, i.e., − p dω 2π U p |O p | 2 (we have generalize the perturbation to a general function U p ) can also be captured by the following RG equation,
where Λ is UV cutoff. Two fixed points include a critical one, U p = 0, corresponding to a phase transition and a stable one, U p = 4−q 2q h(q)Λ 4∆ f −1 , corresponding to a diffusive metal. For U p = u + v cos p, we can see that the phase boundary is at u = −|v|, consistent with the susceptibility. At u = v = 0, one gets [O s ] UV = 2 q ; the system has conformal symmetry in the low-energy limit. This fixed point is unstable upon the deformation, i.e., when u < −|v|, the system is driven to another fixed point with [ 38 . One immediately recognizes that the two fixed points appeared in the RG equations (7) of SYK chain correspond to CFT UV/IR . Holographically, such deformation on the boundary CFT manifests itself as boundary conditions for the bulk field [18] [19] [20] 23 . For the bulk fieldχ dual toÕ, the CFT UV/IR is dual to the bulk theory with alternative/standard quantization onχ 38 . At large-N limit, the deformed Green's functionG u (k) behaves as 21, 23, 27 
where k is the momentum. The susceptibility (6) in SYK chain is the non-local deformation version (nonvanishing v) of (8), whose derivation only relies on large-N expansion 21 , as is shown in Appendix D. The expansion of (8) When u > 0, the double-trace deformation can stimulate instabilities in the bulk 26, 27 to symmetry breaking phases, which is consistent with the instability found in the SYK chain. However, the ordered phase in SYK chain is shown to be a nonchaotic thermal insulator with zero ground-state entropy and vanishing diffusion 17 . It would be interesting to find a holographic counterpart of such thermal insulator and we leave it to future work.
V. SYK/ADS2 CHAIN DUALITY
Here, we argue that it is more appropriate to take the low-energy geometry in the dual gravity theory of SYK chain as an AdS 2 chain than AdS 2 × R. The AdS 2 chain is a discrete set of AdS 2 spacetimes whose element is labeled by AdS 2,s , as shown in Fig. 1(a) . When u = v = J 1 = 0, there is no interaction between different AdS 2,s 's and each AdS 2,s is dual to the IR of a single SYK model at site s. When J 1 is turned on, AdS 2,s develops interactions with AdS 2,s±1 . We require that such interaction should not break the SL(2, R) symmetry at each site. On the other hand, the duality between an SYK chain and the AdS 2 × R is investigated in Ref. 39 , where the space direction of the SYK chain is represented as the space R in the bulk.
There are two evidences showing that the AdS 2 chain would be more promising than AdS 2 × R as the IR geometry of an SYK chain. First evidence comes from symmetry consideration. The symmetry of the uniform saddle-point solution of the unperturbed SYK chain
It is the same as the isometry of a uniform AdS 2 chain, but different from the isometry SL(2, R) × R T of AdS 2 × R, where the R T refers to spatial translation symmetry. (If the spatial-dependent axion field is considered, the spatial translation symmetry is also broken.) The second evidence comes from the scaling dimension of operator O. In the SYK chain, [O p ] is independent of momentum p. The scaling dimension of an operator depends on the mass of its dual field in the bulk in holography. In the AdS 2 chain, the field dual to O p is the spatial Fourier transformation of χ s , namely, χ p . As we will see, the mass of χ p is independent of p. However, in the AdS 2 × R, O cannot be dual to a scalar field ϕ, since the Kaluza-Klein reduction of ϕ on space R gives a tower of ϕ p in the AdS 2 with momentum p dependent mass 27, 28, 40 . The p independence of [O p ] causes the vanishing of correlation length in (6) when v = 0, while the correlation length in AdS 2 × R is finite.
VI. ADS2 CHAIN WITH DOUBLE-TRACE DEFORMATION
We consider a free Z 2 scalar field χ s in the AdS 2,s which is dual to the operator O s up to a normalized factor that would be determined later, i.e., O s = ζO χs , where O χs is the operator dual to χ s in alternative quantization.
We will study the linear perturbation of χ s on a classical AdS 2 background and extract the Green's function of O s that gives the susceptibility.
The low-energy action for the AdS 2 chain is S = S g,φ + S χ , where
. g s and φ s refer to the metric and the dilaton on site s, respectively. S 0 [g s , φ s ] is Jackiw-Teitelboim action of dilaton-gravity theory 4, 41, 42 . While S I describes the inter-site coupling corresponding to a nonzero J 1 term in the SYK chain. S I should be properly designed, combining with S 0 [g s , φ s ], to give an AdS 2 chain ground state with the spatially uniform metric ds
and dilaton φ s = φr z , where L is the AdS 2 radius and φ r is the renormalized dilaton near the AdS 2 boundary.
While the action S g,φ sets up the background geometry, the action for the scalars is
where χ p is the Fourier component of χ s and the spatially uniform metric g is used in the second line. Note that the mass of scalar is independent of momentum p. Let
Near the boundary, the asymptotic form of the scalar field is given by 
with the boundary terms given by
where h refers to the induced metric on the z = surface, and χ cl refers to classical solution of χ. The counter term S ct is introduced to cancel the divergence of S χ on the boundary and S u,v corresponds to the double-trace deformation.
Requiring the in-going boundary condition near the horizon z → ∞, we can extract the retarded Green's function of O p on the boundary 44 , which is defined as
We firstly consider the case of u = v = 0. The undeformed retarded Green's function is (see Appendix E)
It coincides with the undeformed susceptibility in the
Turning on the double-trace deformation, the Green's function becomes
which matches (6) exactly! Thus, the (in)stability of the holographic model is the same as in the SYK chain. When u < −|v|, the IR is the AdS 2 chain with standard quantization. When u > −|v|, the scalar fields condense as χ s = sgn(v)χ s+1 , corresponding to the FM/AFM phase, respectively, and break the Z 2 symmetry. They will backreact to the background and lead to a new geometry in the IR, which waits for further study. According to the AdS/CFT correspondence, a CFT at finite temperature is equivalent to the presence of a black hole in the bulk theory. Thus we consider an AdS 2 black hole background to find the finite temperature Green's function. Following the same steps, the Green's function at finite temperature T is
, where f is the a universal scaling function given in Appendix E. And the deformed Green's function at finite temperature G By exactly reproducing the susceptibility in SYK chain, we demonstrate the dual description of the QCP by a Z 2 scalar in an AdS 2 chain. Moreover, we also calculate the beta functions by the holographic RG method 25 , and for a general double-trace deformation, the result is
0 is the UV cutoff. With ζ 2 ∝ h(p) −1 , the RG equation in an SYK chain, (7), is reproduced by the holographic method, which again strongly suggests the duality between them.
VII. CONCLUSION AND DISCUSSION
In this paper, we study a QCP rendered by a particular kind of four-fermion interaction in the SYK chain and show that it has holographic description by double-trace deformation in an AdS 2 chain. Owing to the large-N degrees of freedom on each site, such QCP is independent of the spatial dimension, and can be generalized to any dimensions. Our proposal also opens the door of experimental realization of double-trace deformation in gravity systems in the sense of AdS/CFT correspondence.
It is illuminating to compare the QCPs in the SYK chain and the nematic or SDW QCPs in metals. While both QCPs exhibit local quantum critical behavior, the origins are different: the local criticality comes from the large-N degrees of freedom on each site in the SYK chain, on the other hand, the underlying Fermi surfaces are responsible for that of QCPs in metals. This difference also leads to different dual IR geometries. The dual IR geometries for nematic or SDW QCPs in metals are proposed to be AdS 2 × R 226-28 . The QCP in the SYK chain can also be understood by the semi-holographic effective theory 47,48 consisting of a Landau-Ginzburg theory of an order parameter and an emergent conformal sector. The emergent large-N degrees of freedom in the conformal sector can be identified as the B field that interacts strongly with the Majorana fermions, as shown (3). We represent the concrete semiholographic effective theory in Appendix H.
We further consider double-trace deformations of a scalar field in a four-dimensional near extremal ReissnerNordstrom AdS black hole (see Appendix G), and find that the Green's function is controlled by the nearly AdS 2 geometry in the vicinity of horizon. Since we have established the correspondence between the transition in the SYK model and in the AdS 2 spacetime, in this sense the transition in the SYK model captures the universal properties of double-trace deformations in generic nearextremal black holes with near horizon AdS 2 spacetime.
After establishing the duality between two-point functions, it is worth constructing the bulk interactions of scalar fields to match the multipoint function of the dual operators. Another extension is to consider a 2l-fermion interaction (C i1,...,i l ψ i1 . 
APPENDIX

A. Effective action of SYK chain
The Lagrangian is 
By using the replica trick, we average over the disorder
Note that only the replica diagonal part survives in the large-N limit. Introducing bi-local bosons
and self-energy Σ s (τ 1 , τ 2 ) to decouple the interactions 37 , and integrating out Majorana fermions, the action reads
where S 0 [G, Σ] is the effective action of the unperturbed SYK chain,
.
B. The dynamic susceptibility in SYK chain
The equations of motion (EOM) are
In the disorder phase, we have O s = B s = 0 and the EOM reduce to
In the conformal and uniform limit, we have
, and ∆ f ≡ 1 q . In next step, we consider the fluctuations of B and O around this saddle point,
where c(∆) = 2 sin(π∆)Γ(1 − 2∆) and
A s e ips is the Fourier component of field A, M is the total site. One can integrate out B fields, to get
where h(q) is given in the main text. After analytic continuation, the dynamic susceptibility is given by
C. The transition at finite temperature in the SYK chain
In the ordered phase, the order parameter O develops long-ranged correlations 16, 17 , i.e., O s (τ 1 )O s (τ 2 ) = NŌ 2 , whereŌ is a constant (assuming v > 0 here), then we have, From the last equation, clearly, for u < −|v|, there is no solution. While for u + v > 0, we get the "gap equation", 1 =
Here, we get two energy scales expressed Λ 0 = J 2 /(u + v)C 2 and Λ 2 = (u + v)Ō 2 . In the smallŌ limit, Λ 0 Λ 2 , among this large region, the propagator would behave like the conformal solution, thus
from which one can getŌ ∝ |u + v| 2 q−4 . The critical exponent is β = 2 q−4 . According to conformal symmetry, the finite temperature susceptibility is given by
where f is a universal scaling function. It is given by f −1 (
, giving rise to T c ∼ |u + v|−4 . A summary of critical exponents of the Z 2 transition in the SYK chain is shown in Table A1 .
D. Green's function with non-local double-trace deformation
The formula of double-trace deformation in field theory is given in Ref. 21 . We will apply it to the case of non-local double-trace deformation and link it to the SYK chain in the main text. The Green's function under a non-local double-trace deformation can be calculated by evaluating the Euclidean partition function
where · · · 0 denotes the expectation value under the undeformed CFT. We work in momentum space and k is the abbreviation of
We apply Hubbard-Stratonovich transformation by introducing a field B,
At large N , we assume that higher point functions of O are suppressed, which leads to
where 
where the deformed Green's function is
which is the same as (6) when U p = u + v cos(p). Now we check (A22) in SYK chain. By using the effective action in Appendix A, we can write the left-hand side of (A22) as
where S 0 [G, Σ] is the undeformed effective action for bi-local field G s (τ 1 , τ 2 ) and Σ s (τ 1 , τ 2 ), which is order N , while the second term s dτ 1 dτ 2
is order 1. Thus, at leading order of 1/N expansion, we can just replace the bi-local field in (A26) by its saddle point solutions, which are separately evaluated by using S 0 [G, Σ]. This directly leads to right-hand side of (A22) where
2 .
E. Double trace deformation from boundary condition in AdS2 chain
The Minkovski action in the background
We perform a Fourier transformation
where M is the number of sites. The EOM with boundary conditions are
where n = n z = − and U p ≡ u + v cos(p). Thus, the on-shell action is S = 
The propagator is given by
The horizon is at z = z 0 , and temperature is given by T = 1 2πz0 . Following the same steps, we can get
for finite temperature, which leads to the propagator shown in the main text. In the SYK 4 chain, with the background solution given by G
, the action involving order parameter becomes
Integrating
In the holographic calculations, without double-trace deformation, U p = 0, we have
Since we cannot directly take ν to zero, we transform it back to real space,
which is consistent with Witten's refined formula 38 . Then this formula can be continued to ν = 0 without any zero, i.e.,
giving rise to G 0,0 (iω) = −ζ 2 ln |ω|. After turning on the deformation, we get
which is identical to the dynamic susceptibility in SYK 4 chain. The instability analysis is the same as the main text, except that now the stable fixed point and the Gaussian fixed point coincide and the double-trace deformation becomes marginally irrelevant(relevant) for u < −|v|(u > −|v|) once we take the q = 4 (or equivalently ν = 0) in the RG equations in the main text. So the QCP is called marginal QCP in Ref. 27 . We briefly introduce the calculation in the bulk in marginal case. Notice that when q = 4, there are ν = 0 and m 2 L 2 = − (12) should be modified to counter the logarithmic divergence in S χ 43 and give a well defined boundary condition for variational problem. They can be replaced by
Following the similar derivation in Appendix E, one will obtain the Green's function which coincides with (A38).
G. Double-trace deformation in Reissner-Nordstrom AdS black hole
We consider a four-dimensional Reissner-Nordstrom (RN) AdS black hole with metric
where L is the AdS radius, Q is electric charge, and r + is the horizon. The temperature is given by
. Near horizon geometry is AdS 2 × S 2 with AdS 2 radius given by L 2 . In the following we consider the limit Q L, then L . Turning slightly away from extremity, r
, and using coordinate r = r + + r, t =t/ , we expand the metric with respect to to get
To connect to the coordinate used in calculations before, we make further coordinate transformation z = r , the metric becomes
where z 0 = 1 2πT and the metric in t, z component is same as the AdS 2 black hole used in the calculation of Green's function. Now we consider a free scalar with mass m in this RN AdS black hole background,
Assume χ = χ(r)Y lm (θ, φ)e −iωt , where Y is the spherical harmonics, the EOM can be reduced to
Below, we focus on spherical scalar field, i.e., m = l = 0, for simplicity. According to mass-scaling dimension relation,
we have the asymptotic behaviors χ ∼ αr
2 . At the limit T, ω → 0, we denote α, β → α 0 , β 0 ,α,β →α 0 ,β 0 . There is a relation between those coefficients
, and we define u c = b + a + . We separate the calculations into inner and outer region. In the inner region, we have background metric given by (A44) and the solution is given by G R (ω, T ) =α β . In the outer region, let ω → ω, T → T , we can expand the solution in terms of , χ = χ 0 + χ 1 + ..., f = f 0 + f 1 + .... Then (note that we only keep T to linear order)
. Let χ L = χ 1 + χ 2 as correction to the zeroth-order scalar, then it satisfies
We can manipulate such that
Then it is obvious to have χ 0 =α 0 (r − r + ) −δ− +β 0 (r − r + ) −δ+ . The Green's function under double-trace deformation is given by
We know that
To get −uα L + β L , we consider χ uc that satisfies
then
Thus we have
where a T = 
In the transitions of the single-site SYK model, we know that ν = 1 2 − 4 q . As a result, c ω , c T and higher-order corrections are irrelevant in low energy limit, i.e., G R (ω, T ) ≈
, which resembles the susceptibility of the transition in the SYK model. Actually, the corrections from perturbative calculations in the outer region is analytical in many higher-dimensional black hole. Thus, the transitions in SYK model captures the universal properties of double-trace deformations in generic black holes with near horizon AdS 2 geometry.
H. Semi-holographic effective field theory
The transition induced by four-fermion interactions in the SYK chain can also be understood by effective field theory of semiholographic type 47, 48 (let's focus on v > 0 case; v < 0 is similar). The effective Lagrangian consists three parts: a Landau-Ginzburg (LG) theory of the order parameter φ(τ, x) describing the Z 2 symmetry breaking, an emergent conformal sector resulted from the strongly interacting Majorana fermions degrees of freedom, i.e., L IR [Ψ], where Ψ refers to the emergent large-N degrees of freedom, and a coupling part between above two degrees of freedom,
The LG theory contains all symmetry-allowed terms, but one can restrain on the first few orders, i.e.,
where r is the tuning parameter, i.e., r = −u − v and c t , c x , u are constants resulted from integrating out some UV data. Actually, the conventional Z 2 transition in two-dimension is described by Ising conformal field theory. It can be inferred from the fact that φ has vanishing scaling dimension and one should actually retain infinite terms. However, the Z 2 symmetry-breaking transition in the SYK chain falls into a different universality class, and one can see that the above truncation correctly captures the universal features here. Note that the continuous x coordinate is obtained by a continuum approximation of the site index s in the SYK chain. The conformal sector is defined through holography by
where J Ψ is the source of field Ψ and ψ is the bulk field dual to Ψ and is subjected to standard quantization. In our case, the gravity action is defined as the matter sectors on the AdS 2 chain,
Using the uniform AdS 2 chain metric, i.e., ds 2 s = 1 z 2 (dτ 2 + dx 2 ), the conformal sector gives rise to the propagator of Ψ field without couplings to the order parameter,
where c ∆ ≡ − 2(∆− Finally, the couplings between these two sectors are given by
where ζ is a constant. From the coupling part one can infer that φ appears like the source of Ψ. So once we integrate out the Ψ field, to the first order of 1/N the effective action for the order parameter is given by
which gives the susceptibility G(ω, k) = 1 c 2 t ω 2 + c 2 x k 2 + r + ζ 2 c(∆)|ω| 2∆−1 .
which matches exactly the susceptibility from calculations in ∆ = 1 − 2 q and ζ 2 = √ πC 2 b 2 Γ(ν+ 1 2 ) tan(πν)Γ(ν) . For a general scaling dimension ∆, the critical exponents are shown in Table A1 . One can see that they reproduce the critical exponents in the SYK chain for ∆ = 1 − 2 q as expected. The IR conformal sector in the semi-holography theory originates from the strongly interacting Majorana fermions. The emergent large-N field Ψ can be identified to the field B in the SYK model.
There are a few comments contrasting the full-holographic theory and semi-holographic theory. We choose to use full holographic theory because the order parameter O behaves like a large-N single-trace operator in the SYK chain, and is naturally dual to the bulk field χ defined in the manuscript. The full-holographic construction is straightforward.
On the other hand, in the semi-holographic theory, the order parameter, i.e., the φ field, only lives in the boundary and does not have a bulk dual. As a result, the LG theory in the semi-holographic model is uniquely determined by symmetry, without the knowledge about the large-N structure. The neglect of the higher-order terms (higher than quadratic order) in the LG theory is not a result of fine tuning, but a result of the suppression by 1/N . The knowledge that higher order terms (higher than quadratic order) in the LG theory are suppressed by 1/N factor cannot be obtained within the semi-holographic framework and should be put in by hand via matching from the results of the SYK chain. This also implies that the critical exponents would receive corrections once we include the effects to the next order in 1/N .
In the large-N limit and in the two-point function level, both the full-holographic theory represented in the manuscript and the semi-holographic theory represented here can reproduce exactly the same susceptibility in the SYK chain. Ultimately, both full-holographic theory and semi-holographic theory should work for the QCP in the SYK chain.
